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Problem 2.4

The origin of the quadratic drag force on any projectile in a fluid is the inertia of the fluid that
the projectile sweeps up. (a) Assuming the projectile has a cross-sectional area A (normal to its
velocity) and speed v, and that the density of the fluid is g, show that the rate at which the
projectile encounters fluid (mass/time) is pAv. (b) Making the simplifying assumption that all of
this fluid is accelerated to the speed v of the projectile, show that the net drag force on the
projectile is pAv?. It is certainly not true that all the fluid that the projectile encounters is
accelerated to the full speed v, but one might guess that the actual force would have the form

fquad = KQAUQ (284)

where k is a number less than 1, which would depend on the shape of the projectile, with x small
for a streamlined body, and larger for a body with a flat front end. This proves to be true, and
for a sphere the factor « is found to be x = 1/4. (c¢) Show that (2.84) reproduces the form (2.3)
for fyuad, with ¢ given by (2.4) as ¢ = yD?. Given that the density of air at STP is

0 = 1.29 kg/m? and that x = 1/4 for a sphere, verify the value of  given in (2.6).

Solution

Part (a)

Consider a projectile moving in one dimension through still air at a constant velocity v. Imagine
for the moment that the projectile consists of a cross-sectional area through which air can pass.
The rate that air passes through this area is dm/dt.

dm _ i(m)
dt  dt

Mass is density times volume. This is the air density, and the volume is the amount of space that
gets swept through in the infinitesimal time the projectile has to move.

dm _ d
dt  dt

Volume is cross-sectional area times distance.

dm d
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Bring the constants in front.
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The rate of change of distance with respect to time is the projectile’s velocity.
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Part (b)
Begin with the result of part (a).
dm _ Av
it ¢
Multiply both sides by v.
dm
2 0 Av?
v = edv

The velocity that the projectile is travelling at is a constant, so it can be brought inside the
derivative.

d
—(mw) = pAv?
7 (mv) = ¢
The product of mass and velocity is momentum.
dp
— = pAv?
at ¢

By Newton’s second law, the rate of change of momentum is the sum of the forces in the direction
the projectile is moving in.
Fhet = QAU2

This is the net force of the projectile on the air, assuming the air does not pass through the
projectile but rather collides with it and accelerates to its velocity. Therefore, by Newton’s third
law, this is the net drag force on the projectile.

Part (c)
The aim is to show that the given expression for fyuad,
fquad = HQA’UQ’ (284)

simplifies to
fquad = 07)27 (23)
where ¢ = yD? for spherical projectiles and v = 0.25 N - s2/m* for projectiles in air at STP.

fquad = HQA’UQ

= (koA)v?
~——r
= 'yD2

— ’}/DZ’UQ

= C’U2
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Check to see that this relationship between x and ~ yields the right value for 7. For a spherical
projectile, the cross-section is that of a circle with area A = nr? = 7(D/2)? = ©D?/4.

~vD? L koA

Divide both sides by D?.

? 1
Y= 47T“Q
2 1 1 kg
= — - 1.29 —
i (3) (120 %)
N . g2
~ 0.25 1

It checks out.
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